Let G be a compact Lie group of isometries acting on a riemannian manifold M. In recent years, there has been a great deal of interest in minimal submanifolds that arise as orbits of such an action. In this paper, we formulate necessary and sufficient conditions for the stability of minimal codimension two principal orbits. These conditions are expressed in terms of the eigenvalues of a G-invariant vector field on the orbit, the eigenvalues of the laplacian of the orbit, and the eigenvalues of the hessian of the volume function. Next we use a poincare inequality along with the orthogonality relations on the group G to find conditions for the stability of exceptional orbits. These conditions are used to find new examples of stable minimal submanifolds in the generalized lens-spaces and the quaternionic space forms.
Introduction. Let M be a riemannian manifold with a compact Lie group of isometries G acting on the left. W. Y. Hsiang and H. B.
Lawson [HL] have discovered a very simple condition for an orbit of G to be a minimal submanifold. They showed that an orbit is minimal if its first variation is zero under equivariant deformations. It then follows that a principal orbit P is minimal if the volume function i>: M -• R is critical on P, where v(p) is defined to be the volume of the orbit through p. Also, an orbit is minimal if all of the orbits in a surrounding tubular neighborhood are of a higher type. A natural question to ask is when are these minimal orbits stable or unstable.
In this direction, J. Brothers [Brl] has produced a second variation formula that is applicable to the case of a minimal principal orbit. From this formula, it follows that a necessary condition for the stability of a principal orbit is that v have positive semi-definite hessian. His sufficient conditions for stability involve bounds on the lengths of certain G-invariant vector fields on the orbit. However, if the normal distribution to the orbit is involutive, then a positive definite hessian is sufficient for stability. Although these conditions have led to many new examples of stable principal orbits, they are not sharp in general. Through the use of Brothers' second variation formula, we show that the Jacobi operator can be decomposed into a sum of two commuting self-adjoint operators. This is used to find precise conditions for the stability of dimension one and codimension two minimal principal orbits. These conditions are expressed in terms of the eigenvalues of the hessian matrix of the volume function, the eigenvalues of the laplacian on the orbit, and the length and eigenvalues of a G-invariant vector field. Precise conditions are then given for the stability of equivariant minimal embeddings of codimension two spheres. In order to treat the situation of minimal exceptional orbits, the canonical form of a tubular neighborhood is studied. A variation of the exceptional orbit is then lifted to the principal orbit where Brothers' second variation formula is applied. Special properties of the lift along with some elementary facts from group representation theory are used to find conditions for stability. These results are then used to find new examples of stable minimal submanifolds in the generalized Lens-spaces and in the quaternionic space forms. It also follows that, RP n is stable in RP m for m<n. Finally, I would like to thank John Brothers for his many helpful discussions and suggestions during the preparation of this work.
2. Preliminaries. Throughout this paper G will denote a compact connected Lie group of isometries of some riemannian manifold unless otherwise stated. The action of G is always assumed to be effective. If x is a point in the manifold on which G acts, then the orbit through x is denoted by G{x) and the isotropy group is denoted by G x . We may put an equivalence relation on the set of group orbits by declaring two orbits to be equivalent if their isotropy groups are conjugate. An equivalence class of orbits is called an orbit type. If G x and G y are isotropy groups with (G x ) and (G y ) denoting their equivalence classes, we may put a partial ordering on them by saying that (G x ) > (G y ) if and only if G x is conjugate to a subgroup of G y . There exists a unique orbit type (G XQ ) , called the principal orbit type with the property that (G XQ ) > (G x ) for all x e M. An orbit that belongs to the principal orbit type is said to be a principal orbit. The union of the set of principal orbits is an open dense subset of the manifold on which G acts [B] . An orbit with isotropy group G x is said to be exceptional if some conjugate of the isotropy group of a principal orbit has finite index in G x .
Let H be a closed subgroup of G with a linear action on a vecto? space V. We may define an action of H on G x V by h (g, v) = (gh~ι, hv) . The orbit of the point (g, v) is denoted by [g, v] . The orbit space is denoted by G x# V and is called a fiber ed product. Let G act on a riemannian manifold M, and let x e M with isotropy group G x . Then the orbit of G through x has a tubular neighborhood equivariantly diffeomorphic to the fibered product GXQ X V where V is the space of vectors normal to the orbit at x and the action of G x is the action on T X M [B] . If the orbit is principal, then the action of G x on the normal space is trivial so that a principal orbit P has a trivial normal bundle [B] . A group orbit is said to be isolated if it has a tubular neighborhood in which every other orbit is of a higher type.
Let M be a riemannian manifold with compact submanifold TV of dimension n without boundary. 
which follows by Leibniz's rule and the identity Lχco = (div X)ω [P] . We then get
f (fXg + gXf)ω= I Lχ(fgω).
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We now use the identity [W] , and Stokes' theorem to write the last integral as 
that G/H has a metric such that the canonical projection π: G -• G/H is a riemannian submersion. Then any G-invariant vector field X on G/H is Killing.
Proof. Because π: G -» G/H is a submersion, we may lift X to a left-invariant vector field X on G which is normal to the fibers of π. Since the metric on G is bi-invariant, the flow φ t of X is an isometry for each t. Since the submersion is riemannian, it follows that the flow φ t of X is an isometry for each t. Proof, (a) follows from the fact that the laplacian commutes with Killing vector fields. For (b) and (c) we make use of the fact that the adjoint of a matrix of operators is obtained by replacing each entry by its adjoint and then transposing, along with the facts that Δ is a self-adjoint operator on C°° (P) and each W ik is a skew-symmetric operator on C°°{P) (Lemma 3.1). (d) is implied by (a) and the remark preceding Lemma 3.1. Finally (e) is true since H is a constant times the restriction to the normal bundle of P of the hessian matrix of the function v. D
The proposition implies thatj he operator / is the sum of two commuting self-adjoint operators Δ and S + H. The eigenvalues of Δ are ^learly the same as the eigenvalues of Δ. Since the eigenspaces of Δ are finite dimensional and S + H commutes with Δ, we see that there exists a basis of 0" =1 C°° (P) for which both operators are diagonal. Let φ\, φi, ... be a basis for theset of common eigenvectors for Δ and H + S, and suppose that Άφ k = λ k φ k and (H + S)φ k = p k φ k , where 0 < λ 0 < λ\ < . Then the eigenvalues for / are {λ k + ρ k : k = 0,...}. Thus we see that in order for δψ{W) = J p A ι JA to be non-negative for all W, it must be true that / has non-negative eigenvalues. Therefore we have REMARKS. The requirement that the W ik be Killing vector fields seems to be a bit restrictive. However, Lemma 3.2 gives a general condition for which a G-invariant vector field on an orbit is Killing. The standard metrics on the rank one symmetric spaces satisfy this condition, so that the requirement is not a problem in most of tKe interesting situations. Also because the hessian is symmetric, we may assume that it is in diagonal form with eigenvalues μ\ ,...,//". Suppose P is a one-dimensional orbit. Now consider the case where G is the unitary group U(n) and the codimension two minimal orbit P is equivariantly isometric to £2n-i c Qπ embedded in the standard way. The flow of an invariant Killing vector field X on S 2n~ι , n > 1, must commute with the action of U(n) 9 and hence must be the restriction to S 2 "" is λ k = k(k + 2/i -2). By Theorem 3.7 P is stable if and only if
Define λ = min{μi, μ 2 }. Then the right-hand side of the above formula is at least 2
k>o \ k
Because the function f(x) = (x 2 + (2n -\)x + λ)/x achieves its absolute minimum over [0, oc) at x = y/λ 9 we see that P is stable if IIW ϊ 2 \\ < 2y/λ + 2n-2. Next define μ = %( μι + μ 2 ). Then
If we let k = 1, then we see that P is unstable if
We note that according to Brothers' results [Br2] , P is unstable if \\W n \\ 2 >{2n-\+μ) 2 .
REMARKS. In the case where the integral curves of W X2 are circles of length L, the eigenvalues of -Wf 2 must be of the form 2πk/L for some integer k.
Brothers' condition for stability [Brl] requires that the hessian of the volume function have no non-negative eigenvalues along with the condition HW12II 2 < 2π/L for codimension two principal orbits. In order to compare this result with ours, we make use of the fact λ k > σ k for all k [Bl] . Observe that
By the above remark, we see that σ k > 2π/L for all k, so we conclude that Consider the space N = G/H x x V and the map π: N -• N defined by π(gH Xo ,v) = [g,v] where [g, v] is the equivalence class of (g 9 v) under the action of H XQ given by h(g, υ) = (^Λ" 1 , Λv). This map is well defined because hV = V and hence [g/z, v Equip N with the metric such that π is a local isometry. There is an action of G on N given by g(g'H Xo , v) = (gg'H Xo 9 v). All of the orbits of JV are principal and the orbit P = {(gH X(j ,0) :geG} is an m-fold covering of E under the map π, where m = caτd(G x JH Xo ). , 0]: 0 < θ < 2π}, and it is an exceptional orbit with G x = Z2 for all x. All of the other orbits have length 2π and are principal with isotropy group given by {1} . In this case N = S ι x R which is a cylinder that is the oriented double cover of M.
Suppose that W is a^smooth vector field defined on the orbit E and normal to E. Let W be the lift of W to P = n~l (E) Let G XQ be the isotropy group of an exceptional orbit E and let H XQ be the conjugate of some isotropy group of a principal orbit such that H XQ c G XQ . Consider the linear action of the isotropy group on the normal space V x to E at XQ . This gives a linear representation of G x on V x and the kernel of this representation is H x . For an arbitrary point x e E, the representation of G x on V x is clearly equivalent to the representation of G XQ on V XQ . Hence we may speak of the representation of an isotropy group of E without reference to a point. PROPOSITION 
Let G{y) be an orbit in N. Then π~ι{G(y)} consists of n y disjoint orbits where n y = card(G x JG y ). If P is one of these orbits then π\ P : P -> G(y) is an m y -fold covering map where m y = caτd(G y /H Xo ).
Proof. Without loss of generality we may assume that y = [e, v].
For g e G y we have [e, v] = g[e, υ] = [g, v] . Hence there must be a g' e G XQ such that gg REMARK. This proposition may be illustrated by considering the previous example of the Mόbius strip. The inverse image under π of the exceptional orbit (center circle) of the Mόbius strip is a circle that is a two-fold cover and the inverse image under π of any principal orbit is two disjoint circles each of which is a one-fold cover.
We have assumed that N = G XQ V where G x is the isotropy Proof. ΐ>(z) is the volume of the principal orbit P through z E N. By Proposition 4.3 P is an m π ( z )-fold cover of the orbit n{P). Since π is a local isometry, we see that the volume of P must be m π ( z j times the volume of G (π(z) ). D
It is now clear that if v is critical on the orbit E, then v has a critical point on P. Hence the hessian of v is defined.
We now develop some of the properties of the components of the lift of a vector field. Suppose that { W\, ... , W n } is an orthonormal G-invariant frame field for the normal bundle of P and π(p) = x with p G P and x eE. Then {π* Wί (p), ... , π*W n {p)} is an orthonormal frame field for the normal space V at x. We denote by {7}/}, /, j = 1, ... , « , the matrices of the linear representation of G x with respect to the basis {π*W\{p), ... , π*W n (p)}. Proof. Since G x acts transitively on π~ι{x}, there exists g G G x such that p' = gp^ and W{p') = g *W k (p) . Observe that the sum of the linear transformations of the representation of a finite group must be zero unless there is a vector fixed by all the transformations of the representation. Hence by Lemma 4.5 we see that Y^-u^A* = 0. But~~
Let E be a minimal exceptional orbit in N covered by the principal orbit P in N. We say that the normal distribution to E is involutive if there exist orthonormal vector fields V\, ... , V n , defined on a neighborhood U of x e E in N where n is the codimension of E in N 9 such that the projection on E of [V t \, Vj] is zero for all /, j for every x . See [Brl] . Note that since a tubular neighborhood of P is locally isometric to a tubular neighborhood of E, it follows that the normal distribution to E is involutive if and only if the normal distribution to P is involutive. Because P is locally isometric to E, we can define π*W\, ... , π*W n locally on E. Since v has a critical point on E, the hessian of v on E satisfies H{π*Wi, π*Wj) = H (Wi, Wj) where H is the hessian of £ on P. Since the^ hessian of a function at a critical point p e JV is a map of T P (N) x T P (N), we can conclude that for t>, w e T P (N), the hessian H oϊ ϋ on P satisfies /f (v , u;) = H(π*υ , π*w). In particular, it follows that H and if have the same eigenvalues which are constant because H is Ginvariant. Proof. This follows from the basic Schurs' lemma in representation theory [BD] . (P$) Since JE 1 is exceptional, it has a tubular neighborhood iV equivariantly diffeomorphic to G XQ V. We suppose that G x JH X is isomorphic to £> and that the action of Proof. Clearly, each principal orbit P$ intersects the (m-n)-sphere of radius 1 given by
= 0}
at the points (±(1 -|M| 2 ) 1/2 , 0, ... , 0, u x , ... , u m -n ).
Furthermore, this (m -n)-sphere is perpendicular to the orbits. BytheFrobenius integrability condition, we see that the normal distribution to E is involutive. The first eigenvalue of Δ on S n is n. Let us now compute the hessian of the volume function at the principal orbit Pg = S n . Note that P is located at the intersection of exactly m -n mutually orthogonal isometric copies of S"* 1 . Let θ be the angle between a radius of S n + ι and a radius drawn to its north pole. Then u(θ) = ω n ύn n θ where ω n is the volume of the unit ^-sphere. It easily follows that the hessian has eigenvalue 0 along the orbit P$ and eigenvalue -nω n for any direction normal to the orbit. Hence E is stable by Theorem 4.8. α 
